Abstract. We de ne cohomology groupsĤ n (G; M), n 2 Z, for an arbitrary group G and G-module M, using the concept of satellites. These cohomology groups generalize the Farrell-Tate groups for groups of nite virtual cohomological dimension and form a connected sequence of functors, characterized by a natural universal property.
Section 1 : Satellites
The basic references here are CE] and HS]. We will quickly review the facts of which we make use. Let be an associative ring with 1 and M a (left) -module. We write FM for the free -module on the underlying set of M, and M for the kernel of the obvious map FM ! M. If T denotes an additive functor from -modules to abelian groups, then S ?1 T(M) = ker (T( M) ! T(FM))
de nes a new additive functor S ?1 T, the left satellite of T. For n 1 one de nes inductively S ?n T = S ?1 (S ?n+1 T) and n M = ( n?1 M) with the convention that S 0 T = T and 0 M = M, respectively. Each short exact sequence of -modules A 0 ! A ! A 00 gives rise to a connecting homomorphism S ?n T(A 00 ) ! S ?n+1 T(A 0 ), n > 0, in such a way that in the long sequence ! S ?n TA 0 ! S ?n TA ! S ?n TA 00 ! S ?n+1 TA 0 ! ! TA 00 ;
the composition of any two consecutive homomorphisms is zero. Thus the family S 0 T = fS ?n T; n 0g forms a connected sequence of functors. Obviously, S ?1 T(P) = 0 for all projective modules P, because P ! FP is a split monomorphism. As a result, one has for general M and n > k 0 natural isomorphisms V ?n (P) = 0 for all n > 0 and all projective P, then the following holds:
(1) 0 extends uniquely to 0 : U 0 ! V 0 and 0 factors uniquely through the canonical morphism U 0 ! S 0 U 0 (2) if U 0 is half exact and 0 is an equivalence then the induced morphism S 0 U 0 ! V 0 is an equivalence.
Section 2 : P-complete functors
We will follow the terminology of GG] and call a connected sequence of additive functors T = fT n ; n 2 Zg a (?1; +1)-cohomological functor, if the long sequence ! T n A 0 ! T n A ! T n A 00 ! T n+1 A 0 ! associated with any short exact sequence A 0 ! A ! A 00 of -modules is exact. A typical example is given by ordinary cohomology H =fH n (G; ?); n 2 Zg, with the convention that H n (G; ?) = 0 for n < 0.
De nition 2.1. A (?1; +1)-cohomological functor T = fT n ; n 2 Zg is called Pcomplete, if T n (P) = 0 for every n and every projective module P. A morphism U ! V of (?1; +1)-cohomological functors is called a P-completion, if V is P-complete and if every morphism U ! W into a P-complete cohomological functor W factors uniquely through U ! V .
If G is a nite group, then the classical Tate groupsĤ = fĤ n (G; ?); n 2 Zg form a Pcomplete cohomological functor and the natural morphism H !Ĥ is a P-completion (see also 3:1). More generally, if the (?1; +1)-cohomological functor U admits a \terminal completion" U ! V in the sense of GG] then it follows that U ! V is a P-completion (we will discuss this in section 3). Since not every U admits a \terminal completion", one can, in view of the following theorem, think of the P-completion as a natural generalization of the \terminal completion" of GG].
Theorem 2.2. Every (?1; +1)-cohomological functor T = fT n ; n 2 Zg admits a unique P-completion : T !T . Proof. For every n 2 Z we can form the (?1; n)-cohomological functor S 0 T n which extends to a (?1; +1)-cohomological functor T hni by putting (2.3) T j hni = S j?n T n ; if j < n T j ; if j n:
The identity transformation T n ! T n extends uniquely to T n ! S 0 T n , and we extend it further to n : T ! T hni by putting j n = Id T j for j > n. Similarly, for any m n the identity T m ! T m extends uniquely to a morphism n;m : T hni ! T hmi satisfying j n;m = Id T j for each j m. We de ne noŵ T = lim ?! fT hni; n;m g: Because n;m n = m for m n, we obtain a natural morphism = lim ?! n : T !T :
The exactness of lim ?! implies thatT is a (?1; +1)-cohomological functor. By our denition, we have for any MT j (M) = lim ?! k 0 S ?k T j+k (M) so that for P projectiveT j (P) = 0 for any j, because S ?k T j+k (P) = 0 for k > 0. Thuŝ T is P-complete. For the universal property of consider T ! V with V a Pcomplete (?1; +1)-cohomological functor. Then each T n ! V n extends uniquely to S 0 T n ! S 0 V n , and S 0 V n = V 0 by (1:2). In this way we obtain for each n a unique morphism T hni ! V factoring T ! V as T ! T hni ! V . As a result, T ! V factors uniquely through . The uniqueness of the P-completion is a consequence of its de nition. The following two lemmas are useful for computations.
Lemma 2.4. If T is a (?1; +1)-cohomological functor and n 0 2 Z satis es T n (P) = 0 for all n n o and all P projective, then n (M) : T n (M) !T n (M) is an isomorphism for all n n 0 andT is naturally equivalent to T hni.
Proof. Because T m (P) = 0 for P projective and m n 0 we have, similarly as in (1:1), for all n n 0 and all k 0 natural isomorphisms S ?k T n+k (M) = T n+k ( k M), and also T n+k ( k M) = T n (M) . As a result,
For n n o , T hni is P-complete and thus T ! T hni inducesT ! T hni, which is inverse to the natural map T hni !T . Lemma 2.5. If : T ! V is a morphism of (?1; +1)-cohomological functors with V P-complete and if n : T n ! V n is an equivalence for n n o , then the induced morphismT ! V is an equivalence.
Proof. We apply a \dimension shifting" argument as follows. SinceT and V are Pcomplete, they satisfy for any k 2 Z and any M
Thus it su ces to show thatT k ! V k is an equivalence for k n 0 . As T k (P) = 0 for k n 0 , we know from (2:4) that T k =T k for k n 0 , and the conclusion follows, since k is an equivalence for k n 0 .
Section 3 : Examples
Let G be an arbitrary group and consider the (?1; +1)-cohomological functor H = fH n (G; ?); n 2 Zg given by ordinary cohomology with H n (G; ?) = 0 for n < 0. It has a P-completion H !Ĥ and we call the associated groupsĤ n (G; M) the n-th Tate cohomology groups of G with coe cients in the G-module M. H n ! F n is an equivalence for n > vcd(G), we infer from (2:5) thatĤ = F .
If G is a group such that for some integer n 0 one has H n (G; P) = 0 for for all n n 0 and all P projective, then H = fH n (G; ?); n 2 Zg admits a \terminal completion" T in the sense of GG] which is given by a morphism H ! T such that H n (G; ?) ! T n is an equivalence for n n 0 , and T is actually given by H hn 0 i (loc. cit.); since H hn 0 i is P-complete, the natural morphism H hn 0 i !Ĥ is an equivalence by (2:5), and the \terminal completion" T is therefore naturally equivalent to the P-completionĤ . It is clear from the de nition of the P-completion that for an arbitrary group G the following two conditions are equivalent:
(ii) H n (G; P) = 0 for all n and all projective P. There are indeed examples of groups satisfying these conditions. In BG] a nitely presented group of type FP 1 satisfying (ii) is described. It is easy to check that an in nite free abelian group of countable rank satis es the condition (ii) too. The following theorem provides further examples, which might help to understand the cohomology of Gl n (Q ) with F p -coe cients, a problem which is closely related to a conjecture of Friedlander and Milnor M] .
Theorem 3.2. Let K Q be a sub eld of the algebraic closure of the rational numbers and let j 1. Then the P-completion
is an equivalence. Proof. We can write K as a countable union S O S i (K i ) with each K i K a number eld and O S i (K i ) K i the ring of S i -integers, S i a nite set of primes of K i , and i 2 N. Without loss of generality we may assume that O S i (K i ) O S i+1 (K i+1 ) for all i. Note that vcd(Gl j (O S i (K i )) = n i < 1 and lim i!1 n i = 1. Let P be a projective G = Gl j (K)-module. We obtain then a short exact sequence
By a result of Borel and Serre ( BS] ) the groups Gl j (O S i (K i )) are virtual duality groups of dimension n i = vcd(Gl j (O S i (K i )), and therefore H m (Gl j (O S i (K i )); P) = 0 for m 6 = n i : Since lim i!1 n i = 1 we infer from (3:3) that H n (Gl j (K); P)=0 for all n, proving our assertion. 
